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For an R-module A4 the category of all submodules of M-generated 
modules is denoted by o[M]. The study of a[M] leads to a remarkable 
refinement of classical module theory. Of special interest are modules M for 
which the functor Hom(M, - ): o[M] + End(M)-Mod is an equivalence of 
categories. They are called self-progenerators or quasi-progenerators. 
In this article we give local-global characterizations for self-progener- 
ators over Z-algebras R, 2 a commutative ring, considering localization 
with respect to the maximal ideals of 2 and with respect to the maximal 
ideals in the ring of idempotents of 2 (Pierce stalks, Theorem 2.1). 
We call an R-module M an ideal module if there is a bijection between 
the submodules of M and the left ideals of End(M). It is shown that a 
finitely generated ideal module with right perfect endomorphism ring is a 
self-progenerator. 
A not necessarily associative Z-algebra A can be considered as a module 
over the multiplication algebra M(A); o[A] will denote the category of 
submodules of A-generated M(A)-modules. In case A is associative and 
commutative the category o[A] is just the category of all A-modules. 
Hence the study of o[A] may be taken as a generalization of module 
theory over commutative rings which parallels the investigation of left 
modules and refines the study of bimodzdes over arbitrary rings A. For 
example, in this setting the central closure of a semiprime ring A (in the 
sense of Martindale) can be obtained as the injective envelope of A in the 
category @[A] (e.g., [21]). 
Here we apply the above mentioned results on a[M] to examine the 
relationship between the ring A and a[A]. A is called an Azumaya ring if 
it is a self-progenerator as M(A)-module, and an Azumaya algebra (over its 
center) if it is a progenerator for all M(A)-modules. We obtain local-global 
characterizations for (non-associative) Azumaya rings (Corollary 3.3), 
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Azumaya algebras (Corollary 3.9, and biregular rings (Corollary 3.7,3.8), 
which include and improve corresponding results for associative rings by 
Burkholder, Dauns and Hofmann, Szeto, and others. 
The ring A is a central ideal algebra in the sense of Ranga Rao if it is an 
ideal M(A)-module. We observe that a central ideal algebra with perfect 
center is an Azumaya ring and derive characterizations of Azumaya rings 
with locally perfect center (Corollary 3.4). 
The applications considered are for non-associative rings with identity. 
Of course, our module theoretic results can also be interpreted for rings 
without identity. 
1. NOTATIONS AND PRELIMINARY RESULTS 
Throughout this paper 2 will be an associative, commutative ring 
with identity and R an associative Z-algebra with identity. We shali write 
R-Mod for the category of unitary left R-modules. 
The set B(Z) of all idempotents in Z forms a Boolean ring and X will 
denote the set of all maximal ideals in B(Z). For every XE X the set 
S := B(Z)\x is closed under multiplication, Therefore we may construct the 
rings of quotients Z, .- ZS-’ and R, := RS-’ and for an R-module M the 
module of quotients AI, := MS-‘. These are called the Pierce stalks of Z, 
R, and II& respectively. R, is a Z,-algebra and M, is an RX-module. The 
following properties are well known (e.g., Villamayor and Zelinsky Cl7, 
2.11-j): 
1.1. Properties of Pierce stalks. With the notations above we have: 
(i) There are canonical isomorphisms 
xZ=l&{eZ[eEx}, Z,-Z/xZ2:l&(Z/Ze\eEx), 
R,irR/xR-RO,Z,-lim(R/eRIeEx), and 
M,-MO,Z,1:lim(M/eMleEx}. 
(ii) Z, is a flat Z-module and @ x E X Z, is a faithfully flat Z module; 
i.e., the functor (0 X Z,) @- preserves and reflects exact sequences in 
Z-Mod. 
(iii) R, is a flat R-module and @ XE x R, is a faithfully flat R-module. 
Let &! denote the set of all maximal ideals in Z. For every rnE Jl the 
complement T := Z\m is closed under multiplication and again we con- 
struct the quotient rings Z, := ZT-l, R, := RT-’ and for ME R-Mod the 
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quotient module M, . *= MT-‘. R, is a Z,-algebra and M,,, an R,-module. 
It is known that Z, and R, N R @ Z, are flat modules and. 0X Z, and 
@d R, are faithfully flat modules. 
1.2. Let T be an associative, commutative Z-algebra, M.an R-module, 
and RR= an (R, T)-bimodule. Then there is a h-isomorphism 
For an R-module M we denote by a[M] the full subcategory of R-Mod 
whose objects are submodules of M-generated modules (e.g., [22, 
Sect. 151). 
M is called self-projective (also quasi-projective, M-projective, e.g. [22]), 
if Hom(M, - ) is exact with respect o all sequences M -+ N --) 0. A finitely 
generated R-module M is self-projective if and only if it is a projective 
object in the category c[M]. 
M is called a self-generator, if every submodule of M is M-generated. 
Self-projective self-generator modules M are generators in c[M]. 
1.3. PROPOSITION. Let M be an R-module and T an associative, 
commutative Z-algebra. 
(i) If RM is a generator in o[M] then MOz T is a generator in 
a[MQz T] as ROz T-module. 
(ii) lj” RM is projective in o[M] then MQz T is self-projective as 
R & T-module. 
ProoJ: (i) It is easily verified that M@ T lies in o[M] as an R- 
module. Then also the R 0 T-submodules L of (MO T)@ ) are in g[M] 
and hence are M-generated. Applying the isomorphisms of 1.2 we obtain 
the commutative diagram with exact lines 
MO= Horn&f, L) -L---+0 
Hence M @ T generates the submodules of (M 0 TjCN ) and therefore it is 
a generator in o[M@ T] as R 8 T-module. 
(ii) An exact sequence M @ T --) L --f 0 of R @ T-modules yields the 
commutative diagram with exact upper line (use 1.2) 
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Hom,(M, MO T) ------+ Hom.(M, L) ___t 0 
I 
c? 
I 
1 
Horn R~T(MOT,MOT)-Hom,,.(MOT,L)-O 
Since the lower line also has to be exact M 0 T is self-projective as an 
R Q T-module. 
A finitely generated module NE o[M] is finitely presented in o[M], if in 
every exact sequence 0 + K -+ L --t N -+ 0 in r~ [ M] with L finitely generated 
the module K is als finitely generated. 
Recall that a short exact sequence is pure in cr[MJ, if every finitely 
presented module in a[M] is projective with respect o it (see [ 191). 
1.4. PROPOSITION. Let M be a finitely generated R-module, NE @CM] 
and T an associative, commutative Z-algebra. Consider the homomorphism 
1//T: Hom,(M, N)@ T-+Hom,(M, NO T), q@t-Cm++(m)q@t]. 
Under any of the following conditions I/I~ is an isomorphism: 
(i) M is self-projective; 
(ii) M is finitely presented in CI [M] and T = Z, for x E X; 
(iii) M is finitely presented in R-Mod and T is flat as Z-module. 
Proof. (i) From the exact sequence of Z-modules 0 -+ K-+ Z(‘) + 
T -+ 0 we construct the commutative diagram with the upper line exact 
Hom(M, N) @ K----+ Hom(M, N) 0 Zen) --+ Hom(M, N) Q T --+ 0 
I 
*it 
I 
1\1 
I 
+T 
Hom(M, NOK) ----+ Hom(M, NO Z(“))---+ Hom(M, NO T) ----+ 0 
Since M is projective in D[M] the lower line is also exact and hence tiT is 
epimorphic. 
By a similar argument we obtain that eK is epic and hence, by the 
Kernel Cokernel Lemma, tir is an isomorphism. 
(ii) Let M be finitely presented in o[M]. Z, being a flat Z-module, 
r,GT is a monomorphism. 
Since xN is a direct limit of direct summands of N (see 1.1) the canonical 
projection N -+ N/xN is a pure epimorphism in o[M] and Hom,(M, - ) 
preserves the exactness of this sequence. This implies that $=, is 
epimorphic. 
(iii) For these conditions the assertion is well known ‘(e.g., [13, 
P* 151). 
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2. SELF-PROGENERATORS 
We call an R-module M a self-progenerator or quasi-progenerator if M is 
finitely generated, self-projective, and a self-generator. 
M is a self-progenerator if and only if the functor 
Hom,(M, -) : a[M] --+ End(,M)-Mod 
is an equivalence of categories (see Azumaya [2], Fuller [lo], Wisbauer 
CW)- 
As our main result we prove the following local-global characterization 
of self-progenerators: 
2.1. THEOREM. Let R be a Z-algebra and M a finitely generated R-module. 
The following assertions are equivalent: 
(a) M is a self-progenerator; 
(b) M is finitely presented in cr[M] and M, is a self-progenerator as 
Rx-module for every x E X; 
(c) M, is a self-progenerator as Rx-module and End,(M) @ Z, 1: 
End,JM,) for every x E X, 
(d) M,,, is a self-progenerator as R,-module and End,(M) Q Z, N 
End&M,,,) for every maximal ideal m c Z. 
Proof (a) * (b) Since RM is finitely generated and projective in 
a[M] it is also finitely presented in a[M]. 
By Proposition 1.3 M, is a self-progenerator as RX-module. 
(b) + (c) Since RM is finitely presented in a[M] we get the desired 
isomorphisms from 1.2 and 1.4. 
(c)a (a) Let K be a submodule of M. In an obvious way we 
construct the commutative diagram with the vertical monomorphisms 
from 1.4: 
0 --f Hom,(M, K) 0 Z, -+ Hom,(M, M) 0 Z, --f Hom,(M, M/K) @Z, -+ 0 
I I 
15 
I 
0 + Hom&L K) -+ Hom&f,, MJ --) Hom&f,, W/f%) --f 0 
By assumption the central vertical map is an isomorphism and the lower 
line is exact. Therefore the other vertical maps are also isomorphisms and 
the upper line has to be exact, too. 
Since OX Z, is faithfully flat this implies that Hom,(M, M) + 
Hom,(M, M/K) --f 0 is an exact sequence; i.e., M is self-projective. 
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To show that M is a self-generator we have to verify that the map 
p:M@Hom,(M,K)-+K 
is epimorphic for every submodule Kc M. 
Tensoring with Z, we obtain the commutative diagram 
MQ Hom,(M, K) @ Z, /l@zdzX ------+KQZ, 
M,QHomRX(M,, K,) ------+ K, - 0 
From the above diagram we know that the first vertical map is an 
isomorphism. By assumption the lower line is exact. Therefore p @ z’dzX is 
epimorphic for every x E X and hence p also has to be epimorphic. 
(a) * (d) By 1.3 M, N M@ Z, is a self-progenerator and from 1.4 
we take the necessary isomorphisms. 
(d) 3 (a) This is seen with the same proof as (c) * (a). 
In special cases the test of A4 to be a self-progenerator can also be 
reduced to the modules MO Z/m N M/mM for the maximal ideals m t Z. 
The key to this is the proof of Proposition 5 in ES, Sect. 31 which yields the 
following assertion: 
2.2. Let f: X-+ Y be a morphism of Z-modules and J the Jacobson 
radical of Z. Assume that one of the following conditions is given: 
(i) Y is a finitely generated Z-module; 
(ii) J is a T-nilpotent ideal. 
Then f is an epimorphism if and only if f Q idzIJ: X Q Z/J -+ Y 0 Z/J is 
epimorphic. 
The ring Z with Jacobson radical J is called locally perfect if it has the 
following equivalent properties: 
Z, is perfect for every maximal ideal m c Z; 
Z, is perfect for every x E X; 
Z/J is (von Neumann) regular and J is T-nilpotent (see [S, 71). 
2.3. THEOREM. Let Z be a locally perfect ring, R a Z-algebra, and M a 
finitely generated R-module. The following conditions are equivalent: 
(a) M is a self-progenerator; 
(b) M/mM is a self-progenerator as R/mR-module and End,(M)Q 
Z/m cr End,,,,(M/mM) for every maximal ideal m c Z. 
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ProoJ: (a)*(b) is a consequence of 1.2 and 1.4. 
(b) =c- (a) Let us first assume 2 to be a local perfect ring with T- 
nilpotent maximal ideal m. Replacing 2, by Z/m in the proof (c) 3 (a) of 
2.1 and applying 2.2 we can exactly follow the arguments of that proof to 
get the desired result. 
Now assume (b) for locally perfect 2. Then 2, is local and perfect, the 
radical of Z, is equal to mZ, and is T-nilpotent. Using the canonical 
isomorphisms Z,/mZ, N Z/m we know from above that MO Z, is a self- 
progenerator. Also, again applying 2.2, we find that End,(M) 0 Z, N 
End&M@ Z,) for every maximal ideal m c Z. By 2.1 this implies that A4 
is a self-progenerator. 
If M is a faithful R-module which is finitely generated as a module over 
End(M) then R is isomorphic to a submodule of a finite direct sum of 
copies of M (M is cofaithful) and hence a[M] = R-Mod (e.g., [22, 15.31). 
From the preceding results we obtain: 
2.4. THEOREM. Let R be a Z-algebra, M a finitely generated R-module, 
and S = End(M). The following assertions are equivalent: 
.(a) M is a progenerator in R-Mod; 
(b) M is faithful and a self-progenerator and Ms is finitely generated; 
(c) M is finitely presented in R-Mod and M, is a progenerator in 
RX-Mod for every XE X; 
(d) M is finitely presented in R-Mod and M, is a progenerator in 
R,-Mod for every maximal ideal m c Z. 
In case M is finitely generated as Z-module the properties (a)-(d) are 
equivalent to 
(e) M/mM is a progenerator in RlmR-Mod and End,(M) @ Z/m N 
End,,,,(M/mM) for every maximal ideal m c Z. 
ProoJ (a)*(b) It is known that a generator in R-Mod is finitely 
generated (and projective) over its endomorphism ring (e.g., [22, 18.81). 
(b) => (a) As pointed out above under the given conditions o[M] is 
equal to R-Mod. 
(a) 3 (c), (d) By 1.3 M, and M, are self-progenerators and since M, 
is finitely generated we deduce o[M,] = RX-Mod and o[M,,J = R,-Mod 
for all x E X and all maximal ideals m c Z. 
(c) +- (a) Since RM is finitely presented in R-Mod, the map 
Hom(M, K) @ Z, -+ Hom(M, K@ Z,) is isomorphic for every R-module K 
(see 1.4). We know from 2.1 that M is self-projective and a generator in 
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o[M]. The second part of the proof (c)q (a) of 2.1 tells us that in 
generates every R-module K and hence a[&?] = R-Mod. 
(d) =+ (a) is shown with the same proof. 
(a) 9 (e) can be verified with a proof similar to that of Theorem 2.3. 
In Hochschild [12] a sequence of modules over a Z-algebra R is called 
(R, Z)-exact if it is exact as a sequence of R-modules and is splitting as a 
sequence of Z-modules. This notion was used in Hattori [1 11 to characterize 
separable Z-algebras (in the sense of Auslander and Goldman). 
approach was extended in [20] to define separable modules: 
An R-module M is called (R, Z)-semisimple if every (R, Z)-exact 
sequence in (r [ M] splits as an R-sequence. M is said to be (R, Z)-separable 
if the tensor product M Qz T is (R 0 T, T)-semisimple for every associative 
and commutative Z-algebra T. 
The following Satz 1.13 of [20] reveals a close connection between 
separable modules and progenerators which we will encounter again in our 
next paragraph (Corollary 3.5): 
2.5. SEPARABLE MODULES. Let M be a finitely generated, self-projective, 
and faithful module over the Z-algebra R. If R is finitely generated as 
Z-module the following assertions are equivalent: 
(a) M is (R, Z)-separable; 
(b) M is (R, Z)-semisimple and End,(M) is a separable Z-algebra; 
(c) M is a progenerator in o[M] (= R-Mod) and End,(M) is a 
separable Z-algebra; 
(d) R is a separable Z-algebra. 
Let us call the R-module M with S= End(M) an ideal moduk if the map 
It-+ 1MI defines a bijection between the left ideals of S and the R-sub- 
modules of M (with inverse KH Hom(M, K)). 
The self-progenerators A4 are ideal modules since Hom,(M, - ) is even 
an equivalence between o[M] and End(M)-Mod. 
It was show in [lo, Lemma 2.41 that h4 is an ideal module if and only 
if RM is a self-generator and MS is faithful relative to each cyclic left 
S-module. In addition we show: 
2.6. PROPOSITION. Let M be a finitely generated R-module and 
S= End,(M). Zf M is an ideal module then 
(i) M, is faithfully flat. 
(ii) S is isomorphic to a pure submodule of Mk,, kE N. 
(iii) If S is right perfect then M, is a generator in Mod-S. 
448 ROBERTWISBAUER 
ProoJ (i) (compare also 1.1 and 1.2 in Rango Rao [14]). For f ES 
we have the exact commutative diagram 
0 - MQs Hom(M, Kef) - MQsS- MOsSf-0 
I /I I 
w 
0 ------+ Kef PM------+ Mf -0 
Since Kef is M-generated the first vertical map is epimorphic and hence pf 
is an isomorphism. 
Using the equation M(In J) = MIn MJ for left ideals 1, J of S it is 
routine to show by induction that pl: M Q I + MI is an isomorphism for 
every finitely generated left ideal Ic S and therefore M, is flat. Since 
MI# M for every left ideal Ic S the S-module Ms is faithfully flat. 
(ii) Let m,, . . . . mk be a generating set for the R-module M. Then the 
map S-+Mk, sH(mL2, . . . . mk)s, is a monomorphism of right S-modules. 
For every left ideal Ic S we show 
Cm 1, ..*> m,)Sn MkI= (m,, . . . . mk)l 
Certainly the right hand side is contained in the left hand side. Assume 
Cm i, . . . . mk) f E MkI= (MI)k for f E S. Then Mf = xi Rmif c MI and hence 
f E Hom(M, MI) = I. 
This property shows that (m,, . . . . m,)S N S is a pure submodule of the 
flat S-module Mi (e.g., [15, 3.55; 22, 36.61). 
(iii) Since S is right perfect Ms is projective and the factor module 
Ml(ml, . . . . m,)S is pure projective in Mod-S (e.g., [22, 34.11). By (ii) this 
factor module is also flat and hence projective in Mod-S. Therefore S is 
isomorphic to a direct summand of Mz. 
2.7. PROPOSITION. A finitely generated ideal R-module M with a right 
perfect endomorphism ring is a self-progenerator. 
ProoJ: Set S = End(M). Since RM is a self-generator by assumption it 
only remains to show that RM is self-projective. By 2.6 M, is a generator 
in Mod-S and hence M is a finitely generated and projective module over 
B := End(M,), the biendomorphism ring of RM. Since all R-submodules K 
of M are M-generated they are also B-submodules (e.g., [22, 15.61) and 
Hom,(M, -) = Hom,(M, -) is exact with respect to M + M/K --, 0, i.e. M 
is M-projective as R-module. 
An R-module RM with S = End(,M) may be considered as left 
R Oz So-module. It is easy to check that End.,.o(M) is isomorphic to the 
center of S. The TOSo-submodules are the fully invariant submodules of 
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RM and the direct R @ So-summands U of M are of the form U = Me for 
a central idempotent e E S. 
Having in mind an application to biregular rings we study modules 
whose finitely generated fully invariant submodules are direct summands: 
2.8. THEOREM. Let R be a Z-algebra, M an R-module, und S= 
End(,M). Assume that 2~ center of S (- End.,.o(M)) and that M is 
finitely generated as an RQ So-module. Then the following assertions are 
equivalent: 
(a) every finitely generated RQ SO-submodule of M is a direct 
summand, 
(b) M, is a simple (RQ So),-module for every x E X. 
Proof. (a) 3 (b) A finitely generated (R@S’),-submodule 0 # 0 of 
M, has the form fi= U + xM/xM for some finitely generated Ii@ So- 
submodule UC M. By (a) U= eM for a central idempotent e E S and 
o= eM -I- xM/xM. Since e $ x we conclude eM + xM = M and 0 = M,, 
i.e., M, is a simple (RQ So),-module. 
(b) * (a) Consider the exact sequence of R @ SO-modules 
O-+K+M4tM/K+O 
with K finitely generated. We have to show that the map 
13 := Hom(M/K, p): Hom.,,o(M/K, M) -+ Hom.,.o(M/K, M/K) 
is an epimorphism. With the monomorphisms $ in 1.4 we construct the 
commutative diagram 
Hom(M/K, M) Q Z, “““z? Hom( M/K, M/K) Q Z, 
I 
*1 
I 
$2 
HmW/K M,) 
h 
- HomWIK, M/K),) 
From our assumption (b) we know that 
(*) K, = M, and hence (M/K), N M,/K, = 0, or 
(**) K, = 0 and hence (M/K), 1: M,. 
In case (*) Hom(M/K, M/K) Q Z, = 0 and hence j? @ idzx is epimorphic. In 
case (**) $, is an isomorphism of simple End(M/K)-modules. 
If Hom(M/K, M)Q Z, # 0 then +I is an isomorphism. This implies 
Hom(M/K, M/K)Q Z, = 0 or $* is also an isomorphism. In both situa- 
tions j? @ id, is epimorphic. 
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Finally assume Hom(M/K, M) 0 2, = 0. With the functors -@Z, and 
Horn RmSSO(-, M) and the monomorphisms $ from 1.4 we obtain the 
commutative xact diagram 
0 - Hom(M/K, M) 0 Z, - Hom(M, M) @ Z, - Hom(K, M) 0 Z, 
I 
$1 
I 
*2 
I 
ti3 
O---P Hom(M/K, MX) - Hom(M, M,) - Hom(K, MJ 
Because of (**) we also know Hom(K, M,) N Hom(K,, M,) = 0 and even- 
tually we find Hom(M, M) @ Z, N Z, = 0, a contradiction. 
Hence @Q idzx is epimorphic for every x E X and by 1.1 6 has to be an 
epimorphism. 
3. BIMODULE STRUCTURE OF RINGS 
Let A be a not necessarily associative Z-algebra with identity. A is called 
central if Z is canonically isomorphic to the center of A. 
The left and ri-ght multiplication with elements in A obviously are 
Z-module endomorphisms of A. The subalgebra of End(,A), generated by 
the left and right multiplications with all elements of A, is called the multi- 
plication algebra of A and is denoted by M(A). 
We consider A as a left M(A)-module. The M(A)-submodules of A are 
the (two-sided) ideals in A and End( Mca,A) is isomorphic to the center 
of A. 
a[A] denotes the full subcategory of M(A)-Mod whose objects are sub- 
modules of A-generated M(A)-modules. 
3.1. PROPOSITION. Let A be a central Z-algebra. 
(i) A is self-projective as an M(A)-module if and only iffor every ideal 
I c A the center of A/I is equal to Z + I/I ( N Z/In Z). 
(ii) A is a self-generator as M(A)-module if and only if (ZnZ)A = I 
for every ideal IC A. 
ProoJ: (i) A is self-projective as an M(A)-module if the sequence 
HomMcA,(A9 4 -, HomMcA,( A, A/Z) + 0 is exact for every ideal Zc A. We 
already know that the first expression is the center of A and it is easy to 
see that Horn,+& A, A/I) is isomorphic to the center of the ring A/I, 
(ii) This follows from the isomorphism Hom,(,,(A, I) N In Z for 
every ideal IC A. 
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Using 3.1 we know from the general theory of categories of the type 
a[M] (e.g., [22, 18.51): 
3.2. AZUMAYA RINGS. For a ring A with center 2, the following proper- 
ties are equivalent: 
(a) A is a self-progenerator as M(A)-mod&e; 
(b) for every ideal IC A the center of AJI is equal to Z/In Z and 
(InZ)A=I; 
(c) A is a generator in o[A] and A, is faithfully flat; 
(4 Homed A, - ): c[A] -+ Z-Mod is an equivalence of categories. 
We call rings with these properties Azumaya rings. Evidently, all simple 
rings (i.e., rings without non-trivial ideals) are Azumaya rings. 
The idea of studying associative rings A by properties of bimodules 
related to A already occurs in Artin [l]. His incorrect Proposition 2.3 was 
the first attempt to characterize the rings under consideration. The 
investigation was continued in Delale [9] where Thttoreme 5.1 corresponds 
to 3.2 above for associative rings. He calls a ring’satisfying these properties 
anneau affine sur Z or algGbre affine, In Azumaya [2] the same rings are 
introduced under the name separable rings, and in Burkholder [6] they are 
called Azumaya rings. We use the latter name also for non-associative rings 
of this type which were already considered in [IS]. 
Observing that the M(A),-submodules of the ring A, are exactly the 
M(A,)-submodules and that the M(A),-submodules coincide with the 
M( A,)-submodules of A,, we obtain from Theorem 2.1 the local-global 
characterization for Azumaya rings 
3.3. COROLLARY. For a ring A with center Z the following properties are 
equivalent : 
(a) A is an Azumaya ring; 
(b) A is finitely presented in a[A] and A, is an Azumaya ring for 
every x E X; 
(c) A, is an Azumaya ring with center Z, for every x E X; 
(d) A, is an Azumaya ring with center Z, for every maximal ideal 
m c Z. 
This result implies and improves corresponding assertions for associative 
rings in Delale, Szeto, and Burkholder [9, 16, 71. 
It was already observed in Szeto [16] and Burkholder [7] that an 
associative ring A which is finitely generated as an algebra over its center 
Z is an Azumaya ring if A, is an Azumaya ring for every x E X. This is a 
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special case of (b) in .the above Corollary: A finitely generated associative 
Z-algebra A is finitely presented as an A Oz A’-module (e.g., [13, p. 781) 
and hence finitely presented in a[A]. 
Of course, an Azumaya ring (e.g., a simple ring) A need not be finitely 
generated as a Z-algebra but is always finitely presented in o[A]. As 
shown above, this latter finiteness condition is sufficient to ensure that the 
center of A, is equal to Z, for every x6X. 
Every Z-algebra A for which M(A) is finitely generated as Z-module is 
finitely presented in M(A)-Mod and hence in a[A]: The canonical 
epimorphism M(A) + A, ,u t-+ ~1,. splits as a Z-homomorphism and there- 
fore its kernel is finitely generated as a Z- and as an M(A)-module. We 
shall encounter this situation in Corollary 3.5. It is known that for alternative 
or Jordan algebras A which are finitely generated as Z-modules the multi- 
plication algebra M(A) is also finitely generated as a Z-module (e.g., 
[18, 4.11). 
Let us call a ring A an ideal algebra if A is an ideal M(A)-module. For 
associative rings this notion was introduced in Rango Rao [14]. 
Our next observation includes an extension of Theorem 2.1 in [6] and 
Theorem 8 in [7] to non-associative rings and also provides a shorter 
proof for the associative case: 
3.4. COROLLARY. (1) A central ideal algebra with perfect center is an 
Azumaya ring. 
(2) For a ring A with locally perfect center Z the following assertions 
are equivalent : 
(a) A is an Azumaya ring; 
(b) A is finitely presented in a[A] and A, is a central ideal algebra 
for every x ET, 
(c) A, is a central ideal algebra with center Z, for every x E X; 
(d) A,,, is a central ideal algebra with center A, for every maximal 
ideal m c Z. 
ProoJ: (1) is an application of Proposition 2.7. 
Using (1) the assertions in (2) are obtained from Corollary 3.3. 
A ring A with center Z is called Azumaya algebra (over Z) if A is a pro- 
jective generator in M(A)-Mod. It was already observed in [lS, Satz 3.101 
that a ring A which is generator in M(A)-Mod (not only in o[A]) is also 
projective as M(A)-module. 
Recalling that o[A] = M(A)-Mod if A, is a finitely generated Z-module 
our Theorem 2.4,and 2.5 lead to (compare also [20, Satz 2.13) 
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3.5, COROLLARY. For a ring A with center Z the following properties are 
equivalent :
(a) A is an Azumaya algebra; 
(b) A is an Azumaya ring and A is finitely generated as a Z-module; 
(c) A is finitely presented in M(A)-Mod and A, is an Azumaya 
algebra for every x E X, 
(d) A is finitely presented in N(A)-Mod and A, is an Azumaya 
algebra for every maximal ideal m c Z; 
(e) M(A) is finitely generated as Z-module and A/mA is a central 
simple ZJmZ-algebra for every maximal ideal m c Z; 
(f ) M(A) is finitely generated as Z-module and separable as Z-algebra. 
There are various definitions for non-associative separable algebras over 
rings in the literature, e.g., [3,4, 18,201. In Bix [3,4] separability for 
alternative and Jordan Z-algebras A is defined through the separability of 
the associative unital multiplication envelope U(A). It was shown in 118, 
Satz 4.11 that these algebras are characterized by the separability of the 
multiplication algebra M(A) if A is finitely generated as Z-module. Wence 
for the definitions mentioned the central separable algebras A are exactly 
the Azumaya algebras (compare [20, Satz 2.11). 
As speGia1 cases the equivalence of (a) and fe) in the above corollary is 
proved, elg., in Bix [3,4] and [lS, Satz 4.13 for alternative and Jordan 
algebras, and in Zhelyabin [23, Lemma 3.11 far central alternative algebras. 
The ring A is called biregular if every principal ideal of A is generated by 
a central idempotent. This definition is due to Arens and Kaplansky for 
associative rings and it was used for non-associative rings in [19]. Our 
Theorem 2.8 yields a characterization of &regular rings through their 
Pierce stalks: 
3.6. COROLLARY. For a ring A with center Z the following properties are 
equivalent: 
(a) A is biregular; 
(b) for every x E X the ring A, is simple. 
For associative rings this was shown in Dauns and Hofmann [Xl. 
It is well known that a biregular ring need not be an Azumaya ring (e.g., 
Example 13 in [7]). There are different properties which make a biregular 
ring a ring of this type: 
3.7. COROLLARY. For a ring A with center Z the following conditions are 
equivalent : 
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(a) A is a biregular ring andfinitely presented in a[A]; 
(b) A is a biregular ring and self-projective as an M(A)-module; 
(c) A is a biregular ring and a generator in a[A]; 
(d) A is an Azumaya ring and Z is (von Neumann) regular; 
(e) A is finitely presented in o[A] and for every x E X the ring A, is 
simple; 
(f) Z is regular and A 0 Z/m is a central simple Z/m-algebra for 
every maximal ideal m c Z. 
Proof: (a) 3 (b) If A is biregular then every finitely presented module 
in o[A] is A-projective [ 19, Theorem 4.11. 
(b) * (c) A is self-projective and a self-generator and hence a gener- 
ator in o[A]. 
(c) * (d) A is a generator in o[A] and a faithfully flat Z-module and 
therefore A-projective [22, 18.51. 
(d) + (a) This follows from the fact that Hom(A, -): a[A] + Z-Mod 
is an equivalence. 
The equivalence of (d), (e), and (f) is a consequence of 3.4 and 3.6. 
For example, 3.7 tells us that an associative biregular ring A which is 
finitely generated as a Z-algebra is an Azumaya ring (see the comments 
after Corollary 3.3). 
Combining 3.5 and 3.7 we obtain the following extension of Szeto [16, 
Theorem 6.11: 
3.8. COROLLARY. For a ring A with center Z the following properties are 
equivalent: 
(a) A is a biregular ring and finitely generated as a Z-module; 
(b) A is a biregular ring and a generator in M(A)-Mod; 
(c) A is an Azumaya algebra and Z is (von Neumann) regular; 
(d) A is finitely presented in M(A)-Mod and for every x E X the ring 
A, is simple and finite dimensional over its center. 
Remark. (1) The applications we give above are for rings with iden- 
tity. For Z-algebras A without identity usually the multiplication algebra 
M(A) is defined as a subalgebra of End,(A) generated by the left and right 
multiplication and the identity map of A. Applying our results of Sect. 2 in 
this case the role of the center is taken by the centroid End,&A) of A. 
(2) An associative Z-algebra A with identity can be considered as a 
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left module over the ring A Oz A’. Then A as M(A)-module and A as 
A Qz R”-modules yield the same category o[A]. 
A is a progenerator in A Oz A”-Mod if and only if A is a seperable 
Z-algebra. Applied to this situation Theoreri? 2.4 provides well-known 
local-global characterizations for separable algebras. 
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